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Abstract — Sets of experts are frequently called upon
to assess the occurrance probability of uncertain events.
Often, the events being assessed are structurally inter-
related, levying constraints on the assessements. How-
ever, expert panels frequently violate those constraints,
resulting in internally inconsistent probability assess-
ments. Based on a formulation of coherence due to de
Finetti, we investigate methods for optimally modifying
expert assessments to match structural constraints on
the joint probability distribution over the set of events.
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1 Introduction

Consider the following two questions:

1. What is the probability the U.S. will advance to
the knock-out round of the 2010 World Cup?

2. What is the probability that England or Spain will
make it to the finals?

Analysis of these questions might be undertaken by
a number of experts including oddsmakers, advertis-
ing agents, or sports ministers. Other fields have sim-
ilar interest in the accurate assessment of uncertain
events. Medical diagnostics, investment banking, opin-
ion polling, military intelligence, and a host of other
industries depend on the fusion of expert probability
assessments.

Ideally expert opinion would accurately reflect the
outcome of uncertain events. Unfortunately, experts of-
ten make assessments that are not only biased and inac-
curate [7], but which cannot be logically reconciled, par-
ticularly when the events under assessment are interre-
lated in complex and subtle ways. Consider again the
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sports example given above: the two probabilities may
be treated independently, but in fact they are inherently
related through the structure of the World Cup tourna-
ment and the rules of play and advancement. The re-
quested probabilities are best viewed as marginals of a
joint probability distribution. The advancement struc-
ture of the World Cup creates constraints on the set
of valid joint distributions, constraints which aren’t al-
ways intuitively obvious to experts when assessing un-
certain outcomes.

There are numerous types of structural constraints
that arise in the context of probability assessment.
Events may be known to be Markov with respect to
some graph, resulting in conditional independence con-
straints between random events. Events, such as the
repeated flips of a coin with unknown bias, might
be known to be exchangeable. Or they may have
constraints due to set theoretic relationships between
events. Constraints on the space of joint probabilities
due to such relationships can potentially result in ex-
pert assessments of marginal probability that are in-
consistent (or infeasible).

Given a set of irreconcilable probability assessments,
the question arises of how best to revise the assessments
to attain internal consistency.

1.1 Previous Work

Bruno de Finetti [2] formulated a consistency princi-
ple for probability assessments in the face of structural
constraints due to set theoretic relationships. In de
Finetti’s formulation, a set of assessments is coherent if,
treating the probability assessments as gambling odds,
there is no wager that has guaranteed positive payout.
It can be shown that this set of coherent assessments is
convex.

In a series of papers [8, 6, 4] coherence is used to for-
mulate an optimization-based method for aggregating
experts’ assessments of probability. In [8, 6] the sugges-
tion is to select as the fused probability assessment of a
set of experts the point in the coherent that lies closest



(in terms of the standard Euclidean norm) to the vector
of expert assessments. This is termed the Coherent Ap-
proximation Principle (CAP). In [4] an approximation
technique is suggested to deal with the potential com-
binatorial growth (in the number of assessed events) of
the computation of the exact CAP solution.

1.2 Contributions of this Paper

Our contributions in this paper are threefold. First, we
use the optimization framework of [8] to find a class of
characteristic matrices for which the CAP solution has
a convenient closed form. We then extend this solution
to a larger class of characteristic matrices for which the
solution, while not exact, is boundedly suboptimal and
provably coherent.

Second, we suggest possible limitations in the coher-
ent approximation formulation due to the use of the
Euclidean norm as the objective function and introduce
a information divergence-based objective function that
overcomes some of the limitations.

Third, we investigate the effects of combining coher-
ence constraints with constraints due to exchangeabil-
ity and Markovianity. We find conditions under which
these additional constraints do not impact the space
of coherent marginal probability assessments, indepen-
dent of the specific objective function employed.

2 Coherent Approximation

De Finetti’s definition of coherence as a set of odds
that admit no guaranteed positive payoff (see Sec-
tion 1.1) also has a useful geometric interpretation. To
explain this interpretation, we introduce some mathe-
matical notation that will be used throughout the pa-
per. Let Q = {wi,ws,...wpn} be a finite event space,
and let A = {A1,A4s,...,Axn}; A; € Q. Note that
A is not necessarily an algebra on the space . Let
P € [0,1]" be a probability assessment over the events
{A;} and let x € {0,1}*M defined by

o 1 wj; € A;
Xii =1 0 otherwise

be the characteristic matrix for the set of events. Then,
following section 3.4 of [2], a probability assessment
is coherent if and only if 3 € [0,1]" with YN =
1 st. P = xA If such a X\ exists, we will say P €
convhull(y).

2.1 Coherence Example

Consider the following assessment space:

Q = {wo,wi,...,ws}
A = {wi,w3,ws}
Ay = {w2,ws,we}
Az = {ws,ws,we}

3
P1

Figure 1: The set of coherent marginal probabilities
generated by x

The characteristic matrix can been seen to be:

01 01010
0011001
00 00111

X:

and the set of coherent assessments, P, is shown in
Figure 1.

2.2 Coherent Approximation Principle

Osherson and Vardi [8] use the concept of coherence to
formulate an optimization problem for the fusion of a
panel of assessors. Given a panel’s assessment P the
optimal fused assessment P* = x\* is defined by

A* — argmin{M Zl Ai=1, >\720}||P - X)\||2 (1)

Note that the optimization occurs in the space of atomic
events €2, which may grow exponentially in the assess-
ment space size. To mitigate this computational chal-
lenge, previous authors [4] proposed a hybrid approach
between linear averaging and coherent approximation.
Unfortunately, this approach will generally produce a
fused estimate that is not coherent.

In the following subsections we develop a general fu-
sion rule that operates in the assessment space and gen-
erates a coherent fused assessment.

2.3 Monadic Structure

Consider the class of characteristic matrices such that
Z Xij <1
J

We will refer to matrices in this class as monadic, mean-
ing that each event under assessment is, at most, a sin-
gleton.

In this case, it is simple to show that a closed-
form solution exists to the problem of finding a coher-
ent approximation to an incoherent assessment. Let

P* = x\* be defined by (1) and let

|
Pi:;ZPj

b jEN;



where N; = {j|A; == A;} and n; = |N;|. Let the prob-
ability excess/deficit be denoted as D = 1 — ZN Lp

j:l nj
and assume wlog that n1 Py < noPs < ... < nyPy and
Vi NG, § <k, jik€Ni={j,j+ 1.k} SN

Theorem 1 If x is monadic, then
P*=P+A

where we define A € [0,1]V as

f({Aj}i‘l,{nj}iP) D <0
A, = %(Z;#) D>0& Pn, =0
0 ' o.W.

with, for a given ¢ € {1,2,..., N},

A

N = Niy
max (7?1', n;;l Ai—l + g,)

0. W.

f(.’ . ) =

—1 ,
with ¢g; = n% (Z;V:l n—%) (D — 23;11 %’) and Ag =
Py = 0. The proof of this theorem is omitted here in
the interest of space.

Theorem 1 can be extended to a broader class of
matrices by using the complementary completeness of
probabilities (i.e. each assessment P of A is also an
indirect assessment (1 — P) of A° = Q\A). A charac-
teristic matrix is said to be generalized monadic if

ZXijSl or injZN—l
J J

As before, let P* be defined by (1). Let P; be the mean
of all assessments of event A; (both directly over A; and
indirectly over A).

Corollary 1 If x is generalized monadic, then

J

Also

J

with A defined analogously to Theorem 1.

The benefit of Theorem 1 and its generalization is
that there exist certain matrices for which the CAP
can be solved exactly, with computational complexity
proportional to the number of events under assessment
(rather than the potentially exponentially larger num-
ber of atomic events, as in the direct solution to the
CAP problem).

2.4 Suboptimal approximation

There is not a simple extension of the result from Sec-
tion 2.3 to generally structured characteristic matrices.
However, it is possible to use the solution for monadic
matrices to approximate the solution for general char-
acteristic matrices.

Consider again the coherence constraint: P = xA.
This can be rewritten in the following way

P = Z[Xi,sj]/\sj
J

where {S;} forms a partition over {1,2,...,|Q|}. Es-
sentially, we’ve decomposed the original characteristic
matrix columnwise. It is simple to show that for any
characteristic matrix there exists a columnwise decom-
position such that Vj [x; s,] is generalized monadic.

Also, Theorem 1 can be generalized to the constraint
Y- Ai = a; where o is some given constant, rather than
> A; = 1. Combining these two results gives a method
of suboptimal coherent approximation

1. Decompose characteristic matrix columnwise into
a set of monadic matrices

2. Apply Theorem 1 to each subproblem, with the
constraint that ), (As;): = o

3. Using Lagrangian analysis, determine optimal «;
coupling constants

The resulting solution is guaranteed coherent. Fur-
thermore, the suboptimality of the result can be
bounded by >, >, AE s,

3 Divergence-based Costs

In the formulation of CAP, a Euclidean objective func-
tion was assumed without justification. In [5], a more
general formulation of the CAP problem is considered
and it is demonstrated that the Euclidean objective
function in (1) is not inherent. In the sequel we will
make two arguments for an objective function based
on binary information divergence rather than quadratic
cost. In Section 3.1 we provide a mathematical model
of expert assessment that imlies a binary information
divergence-based objective function. Then, in Sec-
tion 3.2 we illustrate the superiority of this objective
function in revising expert assessments when x is the
identity (and hence P must be a probability mass func-
tion to be coherent).

3.1 Opinion deformation and Sanov’s
Theorem

Consider the following model for probability assessors:
each assessor observes a sequence of realizations of her
event over several periods of time and maintains an em-
pirical distribution of event occurrance. When called



upon to make an assessment, the assessor selects a dis-
tribution approximately equal to her empirical distri-
bution from finite set P.

When all assessors have reported it is noted the set
of assessments is incoherent and therefore at least one
assessor is in error, either due to approximation or due
to miscalculation of the empirical distribution. Given
that at least one reported assessment is in error, which
is the most likely generating distribution to have caused
the error(s)?

First, let’s consider the most likely estimate of a true
distribution when we know a particular assessor is in
error. Let p* be the true generating distribution for the
erroneous assessor, and p be the reported distribution.
From Sanov’s theorem, the probability of erroneously
declaring p; when the true generating distribution is p;
decays exponentially in n and is approximately

p(p = pjlp* = pi,p* # P) = exp(—nDy(p;||p:))

where

Dy (pjllpi) = pjlog (?) + (1 —p;)log <1 _pj) (2)

7 1*1)1'

and = denotes asymptotic equality to within a
multiplicative factor with a slower rate of decay.
(More accurately, the asymptotic rate of decay is
inf,ca(p,) Do(p |l pi) where A(p;) is the set of all dis-
tributions mapped to p; by p. We’ve made the simpli-
fying assumption that the acceptance regions A(p;) are
uniformly small in a divergence sense).

Now, assume the prior probability that p* = p;
is uniform over all p;; then the joint distribution
p(p =pj,p* =pilp* #P) is (asymptotically, approxi-
mately) proportional to exp(—nDy(p;||p:))-

Next, given that p = p;, the conditional distribu-
tion p(p* = pilp = pj,p* # p) is also proportional to
exp(—nDy(p;||pi)). Therefore the maximum likelihood
estimate of p* given p = p; and p # p* is asymptotically

p; = argmin Dy(p;|[p;) (3)
pi€P\{p;}

Moving to the multiple assessor case, given a set of
incoherent assessments pi,pa,...,pN We know at least
one of the assessments is in error. If we knew which
one, by the preceding development it should be revised
following Equation 3. Since we don’t know which as-
sessment (or combination of assessments) was in error,
heuristically we can distribute risk equally across all
distributions, leading to a reformulation of the CAP as

N
AF = argmin{)\l ST =1, A0} Z Dy(pi || xir) — (4)
i=1

where Y; is the i'" row of y.

3.2 CAP for Probability Mass Funtions

Consider the case when x = I (the identity). In this
case, we can rewrite the optimization problem under a
general cost function C(P, Q) as

QF = argmin{Ql S Qi1 QiZO}C(P’ Q) (5)

3.2.1 Solution under Quadratic Cost Function

Since the identity is a monadic matrix (see Section 2.3),
if we take C(P,Q) to be the quadratic cost function
then the CAP solution is given by Theorem 1. The
solution attempts to deform each element in the assess-
ment vector by an equal amount, while respecting the
range constraints on the probabilities.

Example: Solution under Quadratic Cost As an ex-
ample, take
0.2
0.7
0.7

P =

By Theorem 1 the solution to (5) is

0.0
0.5
0.5

Q"=

This example demonstrates one of the limitations of
using quadratic cost. The change in terms of subjective
belief from 0.2 to 0.0 is greater than the change from 0.7
to 0.5. Cognitively, the leap from moderate uncertainty
(0.2) to absolute certainty (0.0) is larger than between
moderate uncertainty (0.7) and somewhat higher uncer-
tainty (0.5). The cognitive difference between believing
an event is 20% likely and believing the same event is
0% likely is very large!

A more natural method for transforming a set of as-
sessments into a probability mass function is simply
to scale the assessments until they sum to one. In the
following section it will be seen how the binary informa-
tion divergence cost explains both why this is natural
and why it is not the right thing to do (quite).

3.2.2 Solution under Divergence-based Cost

Take C(P,Q) = S.N | Dy(P;||Qi) where Dy(Pi||Q;) is
given by Equation 2. The rationale for choosing this
cost function is given in Section 3.1. The projection
under both the Euclidean and the binary information
divergence cost functions for the example given in Sec-
tion 3.2.1 is shown in Figure 2. Of particular note is
the natural barrier created by the divergence-based cost
function at the boundaries of the simplex. This reflects
the intuitive result that revision to absolute certainty
along any dimension is very costly.

Unfortunately, even with xy = [, the analysis
for this cost function is difficult. ~We can, how-
ever, derive a simple lower bound on the cost.

Let C1(P,Q) = XX, Pilog (5:) and C2(P.Q) =




Figure 2: Optimal coherent revisions for example un-
der (a) quadratic cost and (b) binary information di-
vergence cost

ZZN:1(1 — P;)log (
C3(P, Q) and

11351) Then C(P,Q) = C1(P,Q) +

C(P,Q%) = C1(P,Q7) + Ca(P,Q3)

where Q} = argmin,, S Qi=1. @.20) Ci(P,Q) and Q*
is defined by (5). l

Using Lagrangian analysis, we can solve explicitly for
Q7. Specifically,

. P
Ql - Zl Pz

The optimal projection under cost C; (P, Q) is a scaling
of the assessments to form a probability mass function.
This is the "natural” solution suggested at the end of
Section 3.2.1.

To derive the other half of the lower bound, let

Qs = Co(P,Q)

argmin

@Iy, Q=1

be the solution to the projection while neglecting
the range constraints on (. Obviously Co(P, Q%) >
Cy(P,Q3%). By analysis symmetric to the case for @7,
we find

1-P
Zi 1=P
The optimal projection, neglecting range constraints,
under cost Co(P, Q) is a scaling of the implicit assess-
ments against the complementary events { A}.

1-Q3 =

Lemma 1 C(P,Q*) is bounded from below by

. P 1-P

@)z (rey) ra(r- o)

The derivation of the bound above gives insight into
why the natural inclination to simply normalize the
assessments isn’t quite the right thing to do. Each
expert’s assessment P; specifies not only the subjec-
tive probability of event A;, but also the subjective
probability of event A¢. Taking Q = <£— neglects

S.P

the implicit assessed probabilities of the complemen-
tary events. In using C(P,Q) = Zfil Dy(P;|Q:) as
the cost function for (5), the cost of normalizing the
assessments is balanced against the cost of normalizing
their complements.

4 Exchangeability

Regardless of what utility function is employed in CAP,
the constraint set is determined by the convex hull of
the columns of the characteristic matrix. The question
we address in the next two sections is how adding struc-
tural constraints to the problem effects the solution,
independent of the specific choice of objective function.

In addition to the coherence principle de Finetti also
introduced the concept of exchangeability of random
variables. In one sense, exchangeability is a generaliza-
tion of the concept of independent and identically dis-
tributed. However, more relevant to our development
is the constraint it induces on the joint distribution of
the random variables.

A set of random variables is said to be exchangeable
if it is invariant under permutation. Let 7 be a one-to-
one mapping 7 : {1,2,...,N} — {1,2,...,N}. Then,
by definition, a set of random variables is exchangeable
if P(X{172;~'7N}) = P(XT({1,2,...,N})) for all 7.

If the only structural information about a set of bi-
nary random variables is that they are exchangeable,
then the only constraint on the joint probability distri-
bution is that it is symmetric (in the sense of invariance
to permutation). As a consequence of this symmetry,
it is simple to show that the marginal probabilities of a
set of exchangeable random variables must be equal. In-
deed, this is the only constraint levied on the marginal
probabilities by exchangeability. In other words, given
a set of binary random variables X1, Xo,..., X,, ex-
changeability implies P(X;) = P(Xj;), Vi,j. There
are no other implications with regards to the marginal
probabilities. So, consistent with the geometric inter-
pretation of coherence in Section 2.1, one can consider
the set of coherent marginals with respect to exchage-
ability to be those that lie on the line connecting the
[0]™ and [1]™ vertices of the hypercube.

4.1 Matched
straints

exchangeability  con-

When multiple forms of structural information are
known about a set of random variables, a consistent es-
timate of the probabilities must be in agreement with
all the constraints. When a set of random variables
are known to be 1) exchangeable and 2) coherent w.r.t.
a characteristic matrix, the set of consistent probabili-
ties is restricted more than by taking either structural
requirement individually.

There are situations in which the characteristic ma-
trix can be ”matched” to the exchangeability con-



straint, i.e. where coherence levies no constraints above
and beyond exchangeability.

Consider a characteristic matrix y . Assume w.l.o.g.
that all columns are unique and that |Q| < 2V. Let
n; = Y, Xij, and consider sets Ji = {i|n; = k}. Note

that |Jg| < . The following lemma is a direct

N
k
consequence of the invariance under permutation prop-
erty of exchangeable random variables.

Lemma 2 If A is a set of exchangeable binary random
variables with characteristic matrix x and marginal
probabilities P = x\ then Vi,j, n; = nj = A\ = Aj

and Yk, |Jy] < ( v ) S\ = OV st s = k.

An immediate corollary of Lemma 2 gives necessary
and sufficient conditions under which a characteristic
matrix is matched with exchangeability.

Corollary 2 A characteristic matriz x is matched to
the exchangeability constraint iff |Ji| = 0 for all k ¢
{0, N}

Another corollary gives conditions on a characteristic
matrix such that the set of feasible marginals under
both exchangeability and a characteristic matrix is ex-
actly the intersection of the feasible sets under each
structural condition taken independently.

Corollary 3 For event set A let Py be the set of
marginals consistent with exchangeability, Py be the
set of marginals consistent with a characteristic ma-
triz and P be the set of marginals consistent with
both exchangeability and a characteristic matriz. Then

P C P1 NPy with equality iff |Jx| € {0, ( JZ >} for
all k € {0,1,..., N}

An example of an event set that doesn’t meet the neces-
sary requirements for equality from Corollary 3 is given
in Section 4.2.

4.2 Non-additivity of constraints

As stated earlier, if the members of a set of random
variables are exchangeable, the feasible set of marginal
probabilities are exactly those which lie on the line seg-
ment between the origin and unity. To demonstrate
the non-additivity of the marginal constraints, consider
the following example (closely related to the example
in Section 2.1):

Q = {wo,wi,...,ws}
A = {wi,w3,ws}

Ay = {wz,ws}

A3 = {ws,ws}

@) (b)
1 1
ﬂ.N Q.N
0 0
8 11 8 11
P Py p Py

1 1

Figure 3: (a) Feasible marginals based only on char-
acteristic matrix (b) Feasible marginals after including
exchangeability constraints (omitting the equality con-
straint for expositional clarity)

Its characteristic matrix is
01 01 0 1 0
x=]10 01 1 0 0 O
00 0 0 1 1 0

and the set of coherent marginals is shown in Fig-
ure 3(a). Note from the assessment space that

A({ﬂAgﬁA;g:@:}P(AiﬁAgmAg):O

Now, if we assume additionally that the random vari-
ables are exchangeable, then

This is equivalent to the requirement that A3 = A5 = 0.
In addition, as stated earlier, exchageability requires
that the marginals all be equal. These two constraints
together imply that only marginals of the form P =
[, v, @] where 0 < o < £ are consistent with the struc-
tural constraints. Note, however, that the intersection
of the feasibility sets for the two types of structural con-
straints taken independently is P = [a, o, ], 0 < a <
%. Because the conditions of Corollary 3 are not sat-
isfied, the set of feasible marginals for a combination of
two types of structural constraints is a strict subset of
the intersection of the sets of feasible marginals of the
structural constraints taken individually.

5 Markovianity

Just as in Section 4 we examined the combination of
a characteristic matrix with exchangeability among the
random variables, in this section we will investigate the
combination of a characteristic matrix with Markov re-
lationships among the random variables. To motivate
the problem, consider the following situation



A group of individuals under suspicion of terrorist
activities. Based on a variety of information sources, a
group of experts estimate the probability that subsets of
suspects are, in fact, involved in terrorist activity. Now,
assume there is a known social network connecting the
suspects. Social ties are a central element in fomenting
terrorist activity, so much so that it can be assumed
that the probability an individual is involved in terrorist
activity is conditionally independent of the activities of
all other individuals in the network, given his group of
immediate social connections (his neighborhood). This
is exactly equivalent to saying the participation of an
individual in terrorist activities is Markov with respect
to the graph representing the social network.

Let G = (V,E) be a graph such that for every i,
node v; corresponds to A;. Constrain the joint prob-
ability over A to be Markov w.r.t. G and let the set
of realizable marginal probabilities be denoted P. The
following example illustrates how constraining the joint
probability to be Markov w.r.t. G can affect the set of
feasible marginal probabilities.

5.1 Non-Additivity of Constraints re-
visited
Consider the assessment space from Section 2.1 with the
set of coherent marginals shown in Figure 1 (and repli-
cated in Figure 5(a)). When the marginals are Markov
w.r.t. a complete graph (e.g. Figure 4(a)), the set of
feasible marginals is exactly the coherent set.
@)

(A (A)
@‘@ SRCICRCIRD
(b) ) (d)

(a) (c
Figure 4: Four Markov graphs

Now, consider the graph shown in Figure 4(b).
The additional constraint implied by this graph is
P(Al n A3|A2) = P(A1|A2)P(A3‘A2) Since there
does not exist w € Q s.t. Ap, Az, and Ajz all obtain,
P(A; N A3]A2) = 0. This implies that

A3 A6
Ao+ A3+ A6 A2 + A3 + g
The additional constraints introduced by the graph im-
ply that either A3 = 0 or A\¢ = 0 (or both).

Let P be the set of marginal probabilities that are 1)
coherent w.r.t. characteristic matrix y and 2) Markov
w.r.t. graph G. Figure 5(a)-(d) show P for the G given
by Figure 4(a)-(d) and x given previously.

5.2 Complete Event Sets

P(A; N As|As) =0 =

Definition 1 The set of events A, and its correspond-
ing characteristic matriz x, is said to be complete if
for every a € {0,1}Y 3j s.t. a = x(w;).

1

o~
o

0
0

. 1.
~
o
0 0 0
1 0 1
1 P 1 P
P, 3 P, 3

Figure 5: (a)Top-Left: P, no graph constraints; (b)
Top-Right: P for graph in Figure 4(b); (c) Bottom-
Left: P for graph in Figure 4(c); (d) Bottom-Right: P
for graph in Figure 4(d)

For any complete A, P is exactly the N—dimensional
hypercube.

Theorem 2 For any graph G, if A is complete then
P="P

There exists a simple constructive proof for this theo-
rem, omitted here in the interest of space.

Definition 2 The set of events A and its correspond-
ing characteristic matrix x, is said to be degenerately
complete if A can be decomposed into two disjoint sets
(Ae, Ag) where A, is complete and Aq is deterministic
(i.e. if Aq € Aq then xq; is uniformly O or 1 for all j)

Theorem 3 For a general graph G = (V,E), P = P
iff, for each possible decomposition of the graph into
(P,C,F), where C is a cut set on G, the characteristic
submatrices corresponding to each realization C of C
are degenerately complete

With the insight gained from Theorem 3, we can turn
our attention to the central question of what effect con-
straining the joint probability space by graph G has on
the coherence set P. From de Finetti’s theorem, we
have P = convhull(y).

Suppose (P,C,F) is a partition of graph G s.t. C is
a cut set (and is not a superset of some other cut set).
The set of instantiations of C form a partition on €.
Let the subset of atomic events in an instantiation C' of
C be denoted Q.

Now, suppose that for some instantiation C' of cut
set C of graph G, the conditions of Theorem 3 do not
hold. Then, for the joint distribution to support the
constraint implied by the graph, A\; = 0 for some set



I c {0,1,...,N}. Specifically, those atomic events
which cause the degenerate completeness condition to
be violated must receive zero weight.

Let Zo = {I xA\c(Qc\wr) is degenerately
complete} and let the elements of Zo be denoted I¢.
Let I = {I 1 =Ucec IC} and let the elements of
Ic be denoted Ic. Let T = {I:1=JcIc} and let

Pr=I(A QA st. A\; =0. Then

p— B
Iez
Returning to the example, consider the graph shown
in Figure 4(a). This can be decomposed into P = A,
C = Ay, F = As. First, conditioning on the event Ay =
{wo, w1, ws,ws }, we get the characteristic submatrix

- 01 0 1
XA\{AQ}(AQ) - |: 00 1 1 :|

This submatrix is complete (and hence degenerately
complete), and so there are no conditions on A due to
conditioning on the event Ay (i.e. Za,—o = ().

Next, conditioning that event Ay = {we,ws,ws} re-
sults in the characteristic submatrix

010}

XA\ (42} (A2) = [ 00 1

The characteristic submatrix is not degenerately com-
plete. Therefore P # P (compare Figure 5(a) with
Figure 5(b)). Since

0

1

0 1

0 0 }

are degenerately complete, Z4,—1 = {3,6}. The set
L4, is therefore equal to {I : I = U;cq1y La,=i =
{{3,0},{6,0}} = {3,6}. Since A, is the only cut set
of GG that is not a superset of another cut set, we have
T = I, = {3,6}. Therefore the set P can be described
by

o O

X{A; .45} (A2\w3) = {

and

X{A1,As} (Ag\wﬁ) = |:

P= U DDA =14 =00 =0}

1€{3,6} J

6 Conclusion

Expert assessment of uncertain events impacts the qual-
ity of medical diagnoses, the strength of financial mar-
kets, the security posture of nations and innumerable
other critical elements of modern life. Improving these
assessments can have significant impact. By under-
standing the relationships between uncertain events
and optimally combining the independent expert as-
sessments, the overall performance of the assessment
process can be improved.

Previous authors suggested an approximation princi-
ple to fuse assessments of events under coherence con-
straints. In this paper we have demonstrated a solution
mechanism for the CAP problem, suggested a new ob-
jective function justified both theoretically and prac-
tically, and expanded the coherence formulation to a
broader set of structural constraints.

There are many potential future avenues of research
related to these results. Other interesting structural
relations might be explored and the definition of co-
herence extended to them. Generalizing the concept of
coherence from the set of marginal probabilities to a set
of marginal utilities could relate these results to arbi-
trage and incoherent pricing or risk in markets. Some
effort has already been made in this direction [3, 1].
Finally, extending this analysis to a multiple-period as-
sessments would increase its applicability to many sit-
uations of practical importance.
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